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ABSTRACT
The effects of magnetic fields on the morphological stability of strained film-
substrate system against the formation of islands are investigated by consider-
ing the total energy change during the formation process, which includes the
strain, surface, and magnetostatic energy. It is found that a sufficiently strong
lateral magnetic field can cause the Stranksi-Krastanow (SK) growth in the
system where the flat film surface is stable against island formation until the
film thickness exceeds a critical value. A unique feature of the magnetic-field-
induced SK growth is its capability to produce islands that are stable against
size variation. This is in contrast to the coarsening of islands in typical SK
systems observed in experiments. The result suggests the lateral magnetic
field is a suitable mechanism to control the SK growth.
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The effects of magnetic fields on the morphological stability of strained film-substrate
system against the formation of islands are investigated by considering the total
energy change during the formation process, which includes the strain, surface, and
magnetostatic energy. It is found that a sufficiently strong lateral magnetic field can
cause the Stranksi-Krastanow (SK) growth in the system where the flat film surface
is stable against island formation until the film thickness exceeds a critical value. A
unique feature of the magnetic-field-induced SK growth is its capability to produce
islands that are stable against size variation. This is in contrast to the coarsening of
islands in typical SK systems observed in experiments. The result suggests the lateral
magnetic field is a suitable mechanism to control the SK growth.
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Chapter 1
Introduction
1.1 Self-assembly by Stranski-Krastanow Growth
Systems that undergo the Stranski-Krastanow (SK) growth have been attracting con-
siderable attention for many years as a viable route to fabricate self-assembled quan-
tum dots. These quantum dots can be used as building blocks for lasers, light emitting
diodes, single electron transistors, 3D quantum confinement carriers (Leonard et al.,
1994), quantum dot cellular automata (Orlov et al., 1997) and other novel devices.
Quantum dot formation via the SK growth involves the deposition of a heteroepi-
taxial film on a thick substrate. Epitaxy can generally be divided into two categories;
homoepitaxy and heteroepitaxy. Homoepitaxy refers to a system wherein the epitax-
ial film is the same material as the substrate. In contrast, heteroepitaxial systems
are those wherein the substrate and film are made up of different materials.
In the case of heteroepitaxy, the growth mode that the system would adopt de-
pends on the balance of several terms: the film surface energy density γf , the substrate
surface energy density γs and the film-substrate interfacial energy γi. If the sum of
the film surface energy density and the film-substrate interfacial density is less than
1
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Figure 1.1 A schematic diagram of the three possible growth modes in heteroepitaxy:
(a) Volmer-Weber, (b) Frank-van der Merwe and (c) Stranski-Krastanow growth
mods.
the substrate surface energy (i.e., γf + γi < γs), the Volmer-Weber (VW) growth
mode occurs. The epitaxial film grows into three-dimensional islands without wet-
ting the substrate. On the other hand, if γf + γi > γs, the film undergoes Frank-van
der Merwe (FvdM) growth mode. In this case, the film wets the substrate and the
film grows layer by layer (2D growth).
For strained epitaxial films with small interfacial density, the film initially forms
a wetting layer (2D growth) until a critical film thickness. When the film is grown
beyond this thickness, the growth changes into island growth (3D growth). This is
called the Stranski-Krastanow (SK) growth mode.
The SK mode has received considerable attention since it was discovered that the
islands under this growth mode were defect free (Eaglesham and Cerullo, 1990; Mo
et al., 1990). Additionally, experimental results showed that these island possessed
well-defined facets that are constant for a particular system. For instance, two types
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of islands were observed in SixGe1−x/Si systems; smaller pyramids (square-based) or
ridges (rectangular-based) bounded by the {105} facets, and larger domes bounded
by multiple facets ({105}, {113} and {13 5 23}) (Zhang and Bower, 2001). On the
other hand, PbTe/TbSe systems possess tetragonal islands bounded by {100} facets
(Springholz et al., 1998).
Island formation in the SK growth mode can be explained through the competition
between strain relaxation of the epitaxial film and the surface energy. Strain energy
is stored in the film due to the lattice mismatch between the substrate and the film.
The strain energy can be reduced by changing the film morphology from that of a
flat profile to a wavy surface or a surface containing faceted islands (Spencer et al.,
1991; Freund and Jonsdottir, 1993; Tromp and Ross, 2000; Tersoff et al., 2002). In
contrast, changing the morphology from an initially flat surface involves an increase
in surface and, consequently, an increase in surface energy. Islands would form if the
strain energy reduction is greater than the surface energy increment.
The competition between the strain energy relaxation and the surface energy in-
crement takes into account the formation of islands in the SK growth, but it does not
explain the initial wetting layer prior to island growth. In order to explain this phe-
nomenon, it is necessary to invoke the concept of film-substrate interaction energy.
This energy represents the effect of thermodynamic long-range interaction forces be-
tween the substrate and the film. However, the actual mechanism of the film-substrate
interaction is not fully understood in many cases (Tersoff, 1991). Suo and Zhang
(1998) suggest three possible mechanisms for this interaction. The first mechanism is
the dispersion force, or van der Waals force, which is caused by the fact that electro-
magnetic waves correlate the polarization of one particle with its neighbors. The SK
growth can thus occur in systems with a repulsive dispersion force between the film
and the substrate.
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Figure 1.2 A schematic diagram of island coarsening in SK systems.
The next two mechanisms are applicable to metallic films on a semiconductor
substrate. The second mechanism arises from the quantum confinement effect. When
the film approaches nanometer thickness, the electronic states in the film form discrete
bands, causing them to have a higher average electronic energy as compared to that
of the bulk.
The third mechanism comes from the fact that the Fermi energy level of the two
materials must have the same energy when they are brought into contact. Con-
sequently, a charge transfer of electrons occurs between the two materials. It was
shown that, for certain systems, the attraction due to charge transfer dominates for
films below the critical thickness while the repulsion due to quantum confinement
dominates for films above the critical film thickness.
1.2 Stability Analysis of SK Islands
An important issue to the formation of SK islands is the stability of islands against
size variation. In order to employ the SK mode for application purposes, both the
size and the spacing of the island arrays must be controlled. Unfortunately, it was
found that typical SK systems undergo islands coarsening or Ostwald ripening, a
process wherein larger islands grow at the expense of smaller islands, as depicted
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schematically in Fig. 1.2.. Ross et al. (1998) studied this phenomenon on Ge/Si(001)
systems using real-time ultra-high vacuum transmission electron microscopy (UHV
TEM) and found that island coarsening occurs even during growth. In particular, it
was found that some of the pyramids transform into domes due to an abrupt change in
the surface chemical potential of the islands. This leads to a bimodal distribution of
island sizes, which is undesirable from an application point of view. At the same time,
Floro et al. (1998) used simultaneous real-time scattering and stress measurements
to study a similar system. They found that there is a correlation between island
impingement and the shape transition from pyramid to dome, implying that elastic
interactions between islands favor coarsening. Shortly afterward, a phase diagram of
the first-order shape transition was made by Daruka et al. (1999). The diagram took
into account the volume and the surface energy and explained the phenomenon of
the bimodal distribution of the islands. It was also found that the shape transition
observed in Ge islands can be reversed by alloying increasing amounts of Si during
the process of burying the islands in the silicon matrix (Rastelli et al., 2001).
To address the issue of coarsening, researchers have tried to find a regime in
which stable islands with respect to coarsening can be formed (Daruka and Barabasi,
1997; Shchukin et al., 1995). However, islands subjected only to mismatch strain and
isotropic surface energy cannot form stable islands (Chiu, 2004). To circumvent this
limitation, a myriad of approaches to achieve uniform islands have been proposed in
the literature.
One approach is to fabricate kinetically stable island arrays, if not energetically
stable ones. Spencer and Tersoff (1997) demonstrated that although the equilibrium
state of an island array is to form a single large island, a film can never reach this
state. This is because the an island can only gather materials within a characteristic
diffusion length. As a consequence, coarsening becomes slower as it proceeds. This
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fact is exploited by an approach proposed by Zhang (1999, 2000). Using numerical
simulations, he showed that a relatively uniform island array can be formed from a
random surface if the annealing time of the system is precisely controlled. Further-
more, if a random surface with a dominant wavelength is used, then the ordering
becomes almost completely uniform.
A methodology to produce energetically stable island arrays was proposed by
Chiu (1999). By simulating the morphological evolution of SK systems with surface-
energy anisotropy, he showed that coarsening can be suppressed in systems with
strong surface anisotropy and strong film-substrate interaction. This approach was
extended to include faceted islands and patterns on the film surface (Chiu, 2004)
and a process called the Activated SK Transition was suggested. In this process, the
film is grown in a special thickness range wherein nucleation is possible but gradual
undulation is not. It was shown that uniform island arrays can be fabricated by
adjusting the characteristic length of the system and introducing a regular pattern
on the film surface. The study also showed that large mismatch strain can have a
positive effect on stability, in contrast to the common perception that strain favors
relaxation by island formation.
High surface-energy anisotropy and patterned surfaces was also used by Eggleston
and Voorhees (2002) to stabilize SK islands. Using a substrate with an ordered
mesa, the film was made morphologically unstable due to capillarity. The instability
propagates as a traveling wave and, if the film surface energy is highly anisotropic, a
nearly monodispersed island size distribution can be achieved.
Another approach is to use mechanical constraints to prevent island coarsening.
Liang and Suo (2001) proposed that, by placing stiff ceiling at a small gap above
the film, stable island arrays can be formed. In this case, the role of elasticity is
reversed, i.e. the elastic energy increases as the islands coarsen. Since surface energy
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decreases with increasing island size, the system will select an equilibrium island size
and spacing instead of undergoing Ostwald ripening.
In addition to single-layered SK systems, quantum dot superlattices can also be
employed to control the size and position of SK islands (Tersoff et al., 1996). These
are multi-layered film-substrate systems where the the film and a spacer layer is
alternatingly grown. The material of the film containing the islands is different from
the substrate while the spacer layer is generally made up of the same material as the
substrate. If the spacer layer thickness and other growth parameters are judiciously
chosen, the islands in the upper layer tend to correlate with the embedded islands.
This ultimately leads to nearly uniform spacial distribution as well as narrow size
distribution on the top film (Omi and Ogino, 1998; Chamard et al., 2001; Thanh
et al., 2003). Vertical alignment (Xie et al., 1995; Thanh and Yam, 1999), vertical
anti-alignment (Springholz et al., 1998) and oblique alignment (Huang et al., 2000)
have been observed in mutlilayer systems.
Aside from using elastic, surface and interaction energies to fabricate stable is-
land arrays, electrostatic energy has also been exploited to this effect. It has been
known that external electric fields destabilize the surface of conducting films (Du and
Srolovitz, 2004; Yang and Song, 2005b,a; Chiu et al., 2006a). Chiu et al. (2006b)
proposed that a conducting film grown just below its critical thickness can be used
in conjunction with an eternal electric field to create island arrays. The effect of the
electric field is to reduce the critical thickness of the film. Islands produced using this
method were shown to be stable against coarsening.
Although many advancements have been made in the fabrication of stable islands,
there are still many challenges that must be overcome. For instance, material prop-
erties like film-substrate interaction and surface anisotropy are not easily controlled.
From an application point of view, it is desirable to have a tunable stabilizing force
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so that the island size can easily be regulated. promising candidate to this effect is
the magnetostatic energy.
1.3 Effect of Magnetic Fields on the Stability
Magnetic energy has been adopted in the area of magnetic fluids to induce standing
waves or ripples on the fluid surface. Magnetic fluids are colloidal suspensions of
nanometer-sized magnetic particles which have a single domain (Rosensweig, 1985).
Applying an external magnetic field on the fluid causes the magnetic particles to align
to the field cooperatively, thus changing the dynamics of the fluid.
There are three fundamental forces that govern the dynamics of magnetic fluids;
namely, the gravitational force, the magnetostatic force and the inertial force. The
gravitational force acts to stabilize the fluid surface, the inertial force causes the un-
dulation of the fluid surface, and the magnetostatic force may stabilize or destabilze
the fluid surface. The effect of the magnetostatic force depends on the orientation of
the field. If the field is applied perpendicular to the fluid surface, the magnetic field
induces the formation of standing waves on the surface. This topic has been exten-
sively studied, and different patterns of the waves has been demonstrated, including
square and hexagonal patterns (Friedrichs and Engel, 2001; Reimann et al., 2003),
and two-dimensional soliton waves (Richter and Barashenkov, 2005).
In contrast to perpendicular fields, lateral magnetic fields will not induce wave
formation on the fluid surface. Due to the lack of capacity to generate waves, the
lateral field is largely overlooked in the literature of magnetic fluids.
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1.4 Overview of the Thesis
Despite its lack of usefulness in the field of magnetic fluids, lateral fields may be
useful in strained film-substrate systems. This issue is exploited in this thesis, and
of particular interst is the stability of strained magnetic films subject to external
magnetic fields against both surface undulation and faceted island formation. The
stability is determined by considering the change of the total energy of the system
as the film surface develops wavy profiles or faceted islands. The total energy of
the system consists of the surface, strain and magnetostatic energy. The changes
of the surface and strain energy can be found in the literature, while that of the
magnetostatic energy is derived in this thesis by the first-order boundary perturbation
method.
This thesis focuses on two topics, namely, the activation of the SK mode and the
existence of an equilibrium island size for single islands in magnetic films. For the
first topic, the first-order solution is used to demonstrate that magnetic fields can
induce the SK transition in strained magnetic films without interaction energy. The
conditions at which the magnetic field-activated SK mode is then studied.
In the topic of equilibrium island size, the general condition at which a faceted
island on a typical SK system can be stable against size variation is first determined.
The result is then compared with the equilibrium islands induced by the magnetic
field.
The thesis is organized as follows. In Chap. 2, the magnetostatic energy of wavy
films is derived accurate to the first-order of the surface slope. The result of this
chapter is used in Chap. 3 to conduct a stability analysis of magnetic films under
the influence of magnetic fields against undulation. In Chap. 4, the methodology
presented in Chap. 2 is extended to case of faceted islands. Based on the results
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in Chap. 4, Chap. 5 investigates the equilibrium islands induced by magnetic fields
and the dependence of the equilibrium states on the magnetic field and the material
properties of the system. Finally, the thesis is concluded in Chap. 6.
Chapter 2
Magnetostatic Energy Change of
Wavy Films
An external magnetic field affects the surface stability of magnetic films. The effect
can either be stabilizing or destabilizing, depending on the orientation of the magnetic
field. It is therefore important to study the effect of the external magnetic field on
the stability of the film. Of particular interest in this chapter is the magnetostatic
energy change as the film morphology varies from a flat surface to a wavy profile.
This chapter is organized as follows. Section 2.1 describes the strained magnetic
film-substrate system considered in this chapter. Section 2.2 presents the basic for-
mulas used in the subsequent sections, including the governing equations of the mag-
netostatics problem, the surface chemical potential due to the magnetic field, and
the complex-variable method for solving the two-dimensional magnetostatics prob-
lem. In Sec. 2.3, the first-order boundary perturbation method is used to solve the
magnetostatics problem. Section 2.4 uses the first-order solution to calculate the
magnetostatic energy change of the system. Finally, in Sec. 2.5, the other energies in
the system are presented, including the surface and strain energy.
11
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Figure 2.1 Schematic diagram of a strained magnetic film on a thick substrate
subject to an external magnetic field.
2.1 The Model
Figure 2.1 depicts the system examined in this chapter. The system consists of a
magnetic thin film grown heteroepitaxially on a thick substrate under the the influence
of an external magnetic field. The system is attached to a set of Cartesian coordinates
on the film-substrate interface Γ1 with the x and y axes being parallel with Γ1 and
the z axis perpendicular to Γ1. The film surface Γ2 has a wavy profile described by
f(x) = hf +A cos kx, where hf is the average film thickness, A is the amplitude, and
k is the wave number. It is assumed that the slope of the wavy surface is small, i.e.,
Ak  1. The system is exposed to a magnetic field expressed as H0 = Hx0ex+Hz0ez,
where ex and ez are the unit vectors in the x and z directions, respectively, and√
H2x0 +H
2
z0 is the strength of the field.
The film and the substrate are elastically isotropic materials with the same Young’s
modulus E and Poisson’s ratio ν. The two materials, however, have different lattice
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parameters, resulting in a mismatch strain E0 in the film. The mismatch strain is the
driving force for the formation of the wavy surface.
In addition to the mismatch strain, the two materials are also differentiated by
their magnetic properties. In particular, the magnetostatics of the film is charac-
terized by Bf = µfHf + µ0M0, where µf is the magnetic permeability of the film,
µ0 is that of the vacuum, B is the magnetic induction, H is the magnetic field, and
M0 = Mx0ex + Mz0ez is the spontaneous magnetization
1. The substrate, on the
other hand, is nonmangetic; thus, B=µ0Hv.
2.2 The Magnetostatics Problem
2.2.1 Problem statement
The magnetostatics problem is governed by two equilibrium equations in the system,
∇ ·B = 0, (2.1)
∇×H = 0. (2.2)
A useful quantity for solving these governing equations is the magnetostatic scalar
potential Φ,
∇Φ = H. (2.3)
Substituting Eq. (2.3) into (2.2) automatically satisfies it. Consequently, the govern-
ing equations given by Eq. (2.1)–(2.2) are reduced to the Laplace equation,
∇2Φ = 0. (2.4)
The boundary conditions of the system is that the normal component of B and
the tangential component of H are continuous across the interfaces. The boundary
1In the notation adopted in this thesis, H = µˆfHf
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conditions on the flat interface Γ1 can be expressed as
µˆfHfz + µˆ
−1
f Mz0 −Hsz = 0, (2.5)
(Hf −Hs)× ez = 0 (2.6)
where µˆf = µf/µ0 is the relative magnetic permeability of the film. Similarly, the





) · n = 0, (2.7)
(Hf −Hv)× n = 0, (2.8)
where n is the normal vector of Γ1. In Eqs. (2.5)–(2.8), the quantities associated
with the film and the substrate are denoted by attaching the subscripts f and s,
respectively, to the original symbols. A second subscript, x, y, or z, is added to
indicate the component of the quantity in the corresponding direction. For example,
Hfz in Eq. (2.5) refers to the z component of the field H in the film. Equations (2.4)
constitute the magnetostatics problem to be solved in this section.
2.2.2 The surface chemical potential χm
The surface chemical potential χm on the film surface Γ2 due to the magnetic field
is defined to be the total magnetostatic energy change when one unit of the film







where δem is the variation of the magnetostatic energy per unit length on the x
direction, Ω is the atomic volume and δf(x) is the variation of the film morphology.
If the variation of χm is of the same sign as that of f(x), the Eq. (2.9) suggests that
the magnetostatic energy would increase when the film undergoes a morphological
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change from a flat surface to a wavy profile. In this case, the magnetic field stabilizes
the film against undulation. If, on the other hand, the sign of the variation of χm is
opposite to that of f(x), the magnetostatic energy decreases when the film surfaces
undergoes undulation, making island formation energetically favorable.
After the short discussion of the significance of χm, the potential χm is derived
as follows in the remainder of this section. In order to derive the surface chemical
potential due to magnetic fields, the change in magnetostatic energy when a magnetic
material undergoes a change in morphology must first be determined. The variation
of the magnetostatic energy density in systems with constant magnetic flux is given
by (Jackson, 1998; O’Handley, 1999)
δem = −HδB. (2.10)










Now, consider a bimaterial system consisting of a magnetic material and a non-
magnetic material like vacuum, as depicted in Fig. 2.2. When the film undergoes a
change in morphology, the position of the interface Γ shifts. This shift can be de-
scribed by the infinitesimal normal displacement δυn of each point on the interface.






where dVf and dVv refer to the volume integral of the film and the substrate, respec-
tively, em,f is the magnetostatic energy density of the film and em,v is that of the
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Figure 2.2 A bimaterial system consisting of a magnetic and a nonmagnetic material
undergoing a change in morphology.







(em,v − em,f ) δυndΓ. (2.14)






It follows from the definitions of em,f and em,v given in Eqs. (2.11)–(2.12) that the
variation of the magnetostatic energy density δem is given by
δem = −µH · δH. (2.16)
where δH is the variation of the magnetic field.
Substituting Eq. (2.16) into Eq. (2.15), evoking the general solution H = ∇Φ,
and then applying the divergence theorem lead the expression for I to,
I = −
∫
Bn (δΦf − δΦv) dΓ, (2.17)
where Bn = B ·n is the normal component of the magnetic induction on the interface.
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The difference δΦf−δΦv in Eq. (2.17) can be calculated by using the condition that
the potential Φ is continuous across the interface Γ, before and after the morphological
migration, as shown in Fig. 2.2. The continuity condition along the original interface
is expressed as
Φf = Φv on Γ. (2.18)
The condition along the new interface is given by
Φf +∇Φf · nδυn + δΦf = Φv +∇Φv · nδυn + δΦv. (2.19)
Combining Eqs. (2.18) and (2.19) together yeilds
δΦf − δΦv = (Hv,n −Hf,n) δυndΓ, (2.20)
where Hv,n = H · n and Hf,n = H · n are the normal components of the magnetic
fields in the vacuum and film, respectively.
Substituting Eq. (2.17) into Eq. (2.20) into Eq. (2.14) gives the expression for the
variation in magnetostatic energy,
δEm =
∫
[em,v − em,f −Bn (Hv,n −Hf,n)] δυndΓ. (2.21)
Comparing the Eq. (2.21) with (2.9) determines the surface chemical potential due
to the magnetic field to be,
χm = Ω [em,v − em,f −Bn (Hv,n −Hf,n)] . (2.22)
2.2.3 Special solution for flat interfaces
For the case where the film surface Γ2 is flat, the solution to the magnetostatic problem
can be written down directly. In particular, the magnetic field H and the magnetic
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 , Bv0 = µ0Hv0, (2.23)
where the subscript 0 is added to emphasize that the results are for the case where













The results for the substrate are identical to those of of the vacuum, i.e.,
Hs0 = Hv0, Bs0 = Bv0. (2.26)
2.2.4 An expression for the general solution
For the case where the film surface Γ2 is wavy, the magnetic fields in the system can
be written as
H(x, z) = H0 + HΓ(x, z) (2.27)
where HΓ is the magnetic field induced by the wavy profile of Γ2. Substituting
Eq. (2.27) into Eqs. (2.5)–(2.6) gives the boundary conditons on the interface Γ1,
(µˆfHfΓ −HsΓ) · ez = 0, (2.28)
(HfΓ −HsΓ)× ez = 0. (2.29)
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Similarly, substituting Eq. (2.27) into Eqs. (2.7)–(2.8) yields the boundary condi-
tions for H on the film surface Γ2,
(µfHfΓ − µ0HvΓ) · n = (Bv0 −Bf0) · n, (2.30)
(Hf0 −Hv0)× n = 0. (2.31)
Equations (2.28)–(2.31) are the boundary conditions that define HvΓ, HfΓ and
HsΓ. These perturbation fields are invariant in the y direction since the y component
of the normal vector n is always zero for the system being considered.
2.2.5 Complex-variable method for magnetostatics
A useful approach to solve the two-dimensional magnetostatics problem is to express
the magnetic scalar potential Φ(x, z) as the real part of a complex-variable function
ψ(ζ). The complex-variable function is defined as
Φ(x, z) = < [ψ(ζ)] , (2.32)
where < denotes the real part of ψ(ζ), ζ = x + iz, and i = √−1. The derivative
of ψ(ζ) gives the complex-variable expressions for the magnetic and induced fields in
the system,
H = Hx + iHz = ψ′(ζ), (2.33)
B = µψ′(ζ) + µ0M, (2.34)
where µ is the magnetic permeability of the medium and M = Mx+iMy is the sponta-
neous magnetization of the medium (zero in the case of vacuum and substrate). The
derivative ψ′(z) can also be employed to evaluate the magnetostatic energy density
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where n = nx + inz.
2.3 The First-Order Perturbation Solution
2.3.1 First-order solution of complex potentials
The first step in the perturbation analysis is to express the magnetic fields Hv, Hf ,
Hs and the normal vector n by Taylor’s series expansion. The normal vector n along
the film surface Γ2 can be described in the following form,
n = n0 + Sn1 +O(S
2), (2.38)
where S = Ak is the characteristic slope of the surface Γ2, n0 = i, n1 = −fˆ ′(x) and
fˆ ′(x) = f ′(x)/S is the relative slope of the surface. Likewise, the magnetic fields in
the system can be expressed as
ψ′(ζ) = ψ′0 + SΨ
′(ζ) +O(S2), (2.39)
where ψ′0 is the magnetic field for the case where the film is flat and Ψ
′(ζ) is the first
order term of the perturbation field due to the wavy profile of the film surface. The








s0 = Hx0 − iHz0, (2.40)
ψ′f0 = Hx0 − iµˆ−1f (Hz0 −Mz0) . (2.41)
2.3 The First-Order Perturbation Solution 21
Substituting Eq. (2.39) and (2.33) into (2.28)–(2.29) and ignoring the higher order
terms reduce the boundary conditions on the interface Γ2 to
= [µˆfΨ′f −Ψ′s] = 0, (2.42)
< [Ψ′f −Ψ′s] = 0, (2.43)
where = denotes the imaginary part of the complex-valued function.
Similarly, accurate to the first order of S, substituting Eq. (2.39) and Eq. (2.33)
into Eqs. (2.30)–(2.31) reduces the boundary conditions on the film surface Γ2 to
= [µˆfΨ′f −Ψ′v] = Fyfˆ ′(x), (2.44)
< [Ψ′f −Ψ′v] = Fxfˆ ′(x), (2.45)
where Fy = =[Hf0 −Hv0] and Fx = µ−10 <[Bv0 −Bf0]. Equations (2.42)–(2.45) repre-
sents the magnetostatics problem for determining the first-order solutions of Ψ′v(ζ),
Ψ′f (ζ) and Ψ
′
s(ζ).
The general form of Ψ′v(ζ), Ψ
′
f (ζ) and Ψ
′
s(ζ) can be determined by evaluating the
potentials as =[ζ]→ ±∞. In particular, Ψ′v must vanish as =[ζ]→ +∞ and Ψ′s must
be zero as =[ζ]→ −∞. On the other hand, Ψ′f has neither of these constraints. The
general form of the complex potentials for the different media are found to be,
ψv1(ζ) = c exp (ikζ) , (2.46)
ψf1(ζ) = a exp (ikζ) + b exp (−ikζ) , (2.47)
ψs1 = d exp (−ikζ) , (2.48)
where a = ax+iaz, b = bx+ibz, c = cx+icy and d = dx+idz are constants. Taking the
derivatives of Eqs. (2.46)–(2.48), substituting the results into the boundary conditions
expressed in Eqs. (2.42)–(2.45), calculating the coefficients 0f the sin(kx) and cos(kx)
terms in each of the boundary conditions, and requiring the coefficients to be zero
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yield eight independent equations that define the complex-numbered constants a, b, c
and d. From the boundary conditions on the interface Γ1, the following four equations
were obtained,
µˆfηax − µˆfη−1bx + η−1dx = 0, (2.49)
µˆfηay + µˆfη
−1by − η−1dy = 0, (2.50)
−ηay + η−1by + η−1dy = 0, (2.51)
ηax + η
−1bx − η−1dx = 0, (2.52)
where η = exp(khf ). Similarly, the boundary conditions on the film surface Γ2 given
by Eqs. (2.44)–(2.45) yields,
µˆf (ax − bx)− cx = 0, (2.53)
−µˆf (ay + by)− cy = Fy
k
, (2.54)
−ay + by + cy = 0, (2.55)
ax + bx − cx = Fx
k
. (2.56)
The solution to Eqs. (2.49)–(2.56) are found to be,
a =








Fxµˆf [(µˆf + 1)η








2µˆf (Fx − iFy)η2
R
. (2.60)
where R = (µˆf + 1)
2η2 − (µˆf − 1)2.
2.3.2 The quantities along the wavy surface
After the first-order solutions of ψ′f (ζ) and ψ
′
v(ζ) are determined, it is now possible
to evaluate the surface chemical potential given by Eq. (2.22). To facilitate the
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calculation, it is convenient to derive the solutions for the magnetostatic energies of
the vacuum and the film, as well as the normal components of the magnetic and
induction fields. The first-order solutions to the quantities that determine the surface




































Bn =− µ0=[ψ′v0]− µ0S<[ψ′v0]fˆ ′(x)− µf=[Ψ′f ], (2.63)
Hn =−=[ψ′0]− S=[Ψ′]− S<[Ψ′]fˆ ′(x). (2.64)
Though tedious, the calculations performed in determining χm are straightforward
and can be carried out easily using the computer program Mathematica. The result
is lengthy and is omitted here for conciseness.
2.4 The Magnetostatic Energy Change δem
The first-order perturbation solution presented in the previous section is employed in
this section to derive the magnetostatic energy change δem. Our approach is similar to
those for the changes of other types of energy during the surface undulation process,
for example, the strain and the electrostatic energy(Gao, 1991; Chiu and Poh, 2005;
Chiu et al., 2006a).
2.4.1 The magnetostatic energy of wavy surface
The starting point for determining δem is to carry out the integral in Eq. (2.9). In
our current case, δf(x) cos kxδA. Substituting the expression for δf(x) and the result




(ξx + ξz)AkδA, (2.65)
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where the two coefficients ξx and ξz are given by
ξx = wm0,xGx, (2.66)
ξz = −wm0,zGz, (2.67)
wm0,x = µ0(µˆf − 1)Hx0[(µˆf − 1)Hx0 +Mx0] (2.68)
wm0,z = µ0(µˆf − 1)Hz0[(µˆf − 1)Hz0 +Mz0] (2.69)
Gx =
(µˆf + 1) exp(2khf ) + (µˆf − 1)
(µˆf + 1)2 exp(2khf )− (µˆf − 1)2 , (2.70)
Gz =
(µˆf + 1) exp(2khf )− (µˆf − 1)
µˆf [(µˆf + 1)2 exp(2khf )− (µˆf − 1)2] . (2.71)






Equation (2.72) agrees with the classical dispersion relation of magnetic fluid
without M0 (Rosensweig, 1985). However, there are two key differences between
the result given by Eq. (2.72) with those presented in the literature of magnetic
fluids. First, the result includes the effects of spontaneous magnetization. The second
difference is that Eq. (2.72) determines the magnetostatic energy due to the formation
of a wavy surface, while most of the literature results focus on the effects of the
magnetic field on the dynamics of the fluids.
Equation (2.72) shows that ∆em is proportional to A
2; accordingly, the variation
of ∆em with A is determined by the sign of the coefficients ξx + ξz. If ξx + ξz > 0,
∆em increases with A, which means the magnetic field stabilizes the film morphology
against undulation. A negative value of ξx + ξz, on the other hand, suggests ∆em
decreases with A and the magnetic field destabilizes the flat surface profile. The
coefficients ξx and ξz, respectively, represent the effects of the lateral and the vertical
magnetic field on the morphological stability of a flat film.
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Figure 2.3 (a) Contours of wm,x0/µ0H
2
x0 as a function of µˆf and Mx0/Hx0; (b) the
variation of Gx with khf for the cases where µˆf = 0.15, 0.5, 2, and 10; (c) the variation
of ξx/µ0H
2
x0 with khf for the four systems marked by the asterisks in Part (a).
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2.4.2 Coefficient ξx
As expressed in Eq. (2.66), the coefficient ξx is given by the product of the charac-
teristic magnetostatic energy density wm0,x and the quantity Gx that varies with the
normalized film thickness khf . The density wm0,x is investigated in Fig. 2.3(a) by
plotting the contours of wm0,x/µ0H
2
x0 as a function of µˆf and Mx0/Hx0. The results
show that the contours are divided into four regimes bounded by the two lines, µˆf = 1
and Mx0/Hx0 = 1−µˆf . Regimes I and IV are for systems with µˆf > 1, including para-
magnetic, soft magnetic, and hard magnetic materials. The two regimes differ in the
sign of wm0,x because of the spontaneous magnetization M0. In regime I, M0 either
aligns with the applied field H0 or is opposite to H0 but with a smaller magnitude
so that the total magnetization in the material still aligns with H0. Thus, the energy
density wm0,x is positive. On the contrary, the spontaneous magnetization in regime
IV is opposite to H0 and is sufficiently strong to cause the total magnetization to be
opposite to the applied field. As a consequence, the energy density wm0,x is negative
in this regime.
Regimes II and III are for systems with µˆf < 1, including diamagnetic materials
and superconductors of types I and II. Although most of those materials do not
exist in typical growth or annealing processes, the properties of wm0,x in the two
regimes are still presented in Fig. 2.3(a) for completeness. The figure indicates that
employing a magnetic field opposite to M0 enhances the total magnetization in the
film with µˆf < 1 and results in a positive value of wm0,x; this corresponds to regime
III. In contrast, a sufficiently strong H0 along the same direction as M0 causes the
total magnetization in the film to be opposite to the spontaneous one, leading to a
negative value of wm0,x; this refers to regime II.
Turn to the quantity Gx. The variation of Gx with the film thickness hf is plotted
in Fig. 2.3(b) for the cases where µˆf = 0.15, 0.5, 2, and 10. The results show that
2.4 The Magnetostatic Energy Change δem 27
Gx is equal to 1/2 at khf = 0 and approaches (µˆf + 1)
−1 as khf increases. The
asymptotic value (µˆf + 1)
−1 is less than 1/2 when µˆf > 1; as a consequence, Gx
decreases monotonically with khf . In contrast, when µˆf < 1, (µˆf + 1)
−1 is higher
than 1/2, and Gx increases with khf .
Combining the findings of Figs. 2.3(a) and 2.3(b) reveals how ξx varies with khf in
different conditions. The trend is illustrated in Fig. 2.3(c) by depicting representative
examples of ξx(khf ) in the four regimes
2 The figure indicates the lateral magnetic
field can stabilize the film surface in regime I, while the strength extenuates with
the film thickness hf . The stabilizing effect is also found in regime III but with the
strength increasing with hf . Besides the stabilizing effects, the lateral field can be
destabilizing as well, and this occurs in regimes II and IV. The destabilizing effects
in regimes II and IV are in contrast to the common knowledge of magnetic fluid that
the lateral field always suppresses undulation.
2.4.3 Coefficient ξz
The coefficient ξz accounts for the effects of the vertical magnetic field on ∆em. Similar
to the coefficient ξx, the coefficient ξz is given by the product of the magnetostatic
energy density wm0,z and a thickness dependent quantity Gz. The characteristic
magnetostatic energy density wm0,z takes a similar form as wm0,x, except that Hx0
and Mx0 is replaced with Hz0 and Mz0, respectively. As a consequence, the contour
plot of wm0,z/µ0H
2
z0 as a function of µˆf and Mz0/Hz0 is identical to that of wm0,x,
shown in Fig. 2.3. In contrast to the similarity between wm0,z and wm0,x, the behavior
of the quantity Gz is opposite of Gx. The variation of µˆ
2
fGz with film thickness khf is
plotted in Fig. 2.4(a). The figure shows that the Gz is equal to (2µˆ
2
f )
−1 when khf = 0
and asymptotically approaches (µˆ2f + µˆf )
−1 as khf increases. This implies that Gz
2The parameters adopted in the four examples are illustrated by the asterisks in Fig. 2.3(a).
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Figure 2.4 (a) The variation of µˆ2fGz with hf for the cases where µˆf = .2, .5, 2, 5;
(b) the variation of µˆ2fξz/µ0H
2
z0 with khf for the systems marked by the asterisks in
Fig. 2.3(a).
increases monotonically when µˆf > 1 but decreases monotonically when µˆf < 1. The
result shows that, unlike Gx, both the initial value of Gz and the range of values that
Gz can take as khf increases changes as µˆf is varied. Particularly, the initial value of
Gz and the range decreases as µˆf is increased.
Figure 2.4(b) shows the trend of ξz as a function of khf . There are two key differ-
ences between ξz and ξx. Firstly, regimes I and III are now destablizing regimes,while
regimes II and IV are now stabilizing regimes. A second difference arises from the
behavior of Gz. Regimes I and IV have µˆf > 1 and the magnitude of ξz therefore
increases as khf increases. In contrast, regimes II and II have µˆf less than one and
the magnitude of ξz therefore decreases as khf increases.
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2.5 Other energies of wavy surfaces
In addition to the magnetostatic energy, the system is controlled by another two types
of energies, namely, the strain energy and the surface energy.
The changes of the strain energy and surface energy due to the development of a
wavy surface are well documented in the literature (Gao, 1991; Spencer et al., 1991;
Freund and Jonsdottir, 1993; Freund and Suresh, 2003). The readers are referred
to Freund and Suresh (2003) and the references therein for the details. Here, we
summarize the results for completeness.
For the model being considered, the strain energy density w per unit length of the
film can be expressed as,
w(x) = w0 [1− 4kA cos kx] , (2.73)
where w0 = E(1 + ν)E20/2(1 − ν) is the characteristic strain energy density of a
semi-infinite solid deformed by the stress due to the mismatch strain under the plane
strain condition. The result of w(x) is then used to describe the variation of the strain







Evaluating the integral in Eq. (2.74) and carrying out the variation procedure gives
the change in the strain energy density ∆w per unit length of the film,
∆w = −w0A2k. (2.75)







where γ is the surface energy density and l is the length of the film surface. The
change in the surface energy density ∆es when the film morphology changes from a
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For small Ak, the term dl can be approximated as [1 + f ′(x)2/2]dx, where f ′(x) =
Ak sin kx is the derivative of the shape function. Substituting this approximation











Energy Analysis of Wavy Films
In Chapter 2, the magnetostatic energy of wavy films was derived and analyzed. In
this chapter, the results of Chap. 2 is used to examine the morphological stability of
films against surface undulation by analyzing the variation of the normalized total
energy ∆etotL
2/γ0A
2 with the non-dimensional wave vector kL at different film thick-
nesses. Since the behavior of films under lateral magnetic fields are similar to those
of films under perpendicular fields for corresponding regimes, the discussion will be
focused on the effect of lateral fields. The behavior of systems under perpendicular
fields will be commented on at the end of the chapter.
The results of Chapter 2 show that the effect of a lateral external field can fall into
one of the four different regimes, depending on the value of the relative permeability
µˆf and the relative strength of the external magnetic with respect to the spontaneous
magnetization H0/M0. According to the finding, this chapter is organized into two
sections. In the first section, the morphological stability of films falling into regime I
will be examined. The other regimes, though not generally available in typical growth
and annealing process, are examined in Sec. 3.2 for completeness.
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Figure 3.1 The variation of ∆etotL
2/γ0A
2 with kL for the systems where L = 10
µm, γ0 = 2.5 J/m
2, µˆf = 200, µ0Hx0 = 15 mT, and hf = 32, 34.5, and 37 nm.
3.1 Regime I
The total energy of the system per unit length in the lateral direction is given by the













where amplitude A, the wavenumber k, the reference strain energy w0, the surface
energy density γ0, and the coefficient ξx are the same terms defined in Chap. 2.
Equation (3.1) shows how the total energy change of the total energy of the system
depends on the wave number and is proportional to A2. As a consequence, the total
energy is independent of the sign of A. The sign of the total energy is only dependent
on the sum of the terms inside the square brackets. If the sum is positive, then the
film is stabilized and will not undergo undulation. On the other hand, if the sum is
negative, then the film would be unstable with respect to surface undulation.
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The variation of ∆etot with the normalized wavenumber kL is plotted in Fig. 3.1
for three typical cases with the same material parameters but different film thickness:
L = 10 µm, γ0 = 2.5 J/m
2, µˆf = 200, µ0Hx0 = 15 mT and hf = 32 ,34.5 and 37
nm. The results indicate that the total energy change due to the surface undulation is
positive for any wave number when the film thickness is below a critical film thickness
hcr. When hf exceeds the critical value, ∆etot becomes negative for a range of k, and
it is energetically favorable to form a wavy surface. The contrasting characteristics of
the film morphological stability in the vicinity of the critical film thickness confirms
that the lateral magnetic field can induce the SK growth of systems in regime I.
The SK growth induced by the lateral magnetic field can be understood as follows.
When the magnetic field is absent the total energy of the system is controlled by the
strain and surface energy; the variation of the ∆etot with kL in this case is depicted
in Fig. 3.2(a). The figure shows that the strain energy dominates at small k, causing
the film surface to become unstable against undulation of large wavelengths. The
surface energy, on the contrary, dictates the total energy at large k and stabilizes
the film surface against undulation of small wavelengths. The total energy of the
system is further increased when a lateral magnetic field is applied. The absolute
value of the ratio of the magnetostatic energy with the strain energy at various film
thickness is plotted in Fig. 3.2(b) as a function of kL. The result shows that the
ratio is highest at k = 0 and decreases monotonically as k increases, asymptotically
approaching another value as k approaches infinity.. Furthermore, the rate of decay
is higher in thicker films. The characteristics of this plot suggest that a sufficiently
strong magnetic field can always suppress surface undulation due to the strain energy
at infinitesimally small k. For the case of small thickness, the decaying rate is low; as
a consequence, the magnetic field can also suppress undulation at moderate k. On the
other hand, the decaying rate when the film is thick is high, and the magnetic field
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Figure 3.2 (a) The variation of ∆etotL
2/γA2 with kL for the systems in the absence
of magnetic fields. (b) The variation of the ratio |∆em/∆w| with kL when Hx0 = 8
mT. The material parameters of the system are the same as those in Fig. 3.1
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effect is too weak to stabilize undulation at moderate k. This explains the magnetic
field-activated SK mode observed in Fig. 3.1.
3.1.1 The minimum magnetic field
Using the magnetic field to achieve SK growth has the advantage that critical film
thickness of the SK growth can be adjusted by varying the strength of the external
magnetic fields. This is demonstrated in Fig. 3.3(a), showing that hcr increases with
Hx0.
Figure 3.3 also indicates that the SK growth ceases to happen once Hx0 is below
a minimum value. Below this minimum value, the film undergoes VM growth instead
of SK growth. To illustrate this phenomenon, the energy change ∆etot(k) of three
scenarios are plotted in Fig. 3.3(b)–(d),namely, one below the minimum field, one at
the minimum field and one above it.
Comparing the three figures reveals that the slope of the curve ∆etot at k = 0 is
dictated by the strength of the external field Hx0. When the strength is high, the
initial slope is always positive for any thickness hf , as shown in Fig. 3.3(b). In such
a case, the film morphological stability is determined by the film thickness, and the
film growth will follow the SK mode. On the contrary, when the strength is low, the
initial slope is always negative, meaning the film can develop into a wavy profile even
at infinitesimally small film thickness. This is the characteristic of the VW growth
mode. The critical strength where the SK mode happens instead of the VW mode








(wm0,x − 8w0)A2 > 0. (3.2)
Equation (3.2) determines the minimum magnetic energy density to induce SK
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Figure 3.3 (a) The effects of Hx0 on the critical thickness hcr of the SK growth. (b)
The variation of ∆etotL
2/γ0A
2 when Hx0 < Hx0,cr, indicating the VW mode. (c) The
variation of ∆etotL
2/γ0A
2 when Hx0 = Hx0,cr, indicating the onset of the SK mode.
(d) The variation of ∆etotL
2/γ0A
2 when Hx0 > Hx0,cr. Material properties are the
same as those in Fig. 3.1.
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mode,
wm0.x > 8w0. (3.3)
Equation (3.3) is a necessary condition for the activation of the SK mode and is
general to all regimes under lateral magnetic fields. Replacing wm0,x in Eq. (3.3) with
the expression given in Eq. (2.68) yields the minimum magnetic field strength, Hx0,cr.
For linear magnetic materials, such as paramagnetic materials, (i.e., the spontaneous




µ0 (µˆf − 1)2
. (3.4)
3.1.2 The minimum critical thickness
In addition tot eh finding that a minimum magnetic field is required to induce the SK
mode, Fig. 3.3(a) also reveals that, under the minimum magnetic field, the critical film
thickness of the SK mode reaches its lowest value. In this special case, as illustrated
in Fig. 3.3(c), the slope of the curve ∆etot remains zero at k = 0, and it is the second
derivative d2∆etot/dk






4γµˆf + hfwm0,x(1− µˆ2f )
8µˆf
A2. (3.5)
Since term 1− µˆ2f is always negative in regime I, a large film thickness results in
an initial negative curvature of the total energy. On the other hand, if hf is small
enough, the initial curvature is positive and the film is stabilized. The critical film








The result above shows that the minimum critical film thickness is independent of
the external field and is only a function of the relative permeability µˆf and the
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Table 3.1 The Hx0,cr and hcr,min of some high-permeability materials (Gray, 1957).
.
Material µr Bsat(T ) µ0Hx0,cr(mT ) hcr,min (nm)
Grain-Oriented Fe-Si 7500 2.0 0.21 < 1
45 Permalloy 2500 1.6 0.63 < 1
Permendur 800 2.4 1.98 6.2
45-25 Perminvar 400 1.6 3.97 12.5
characteristic length L of the system. Table 3.1 lists the Hx0,cr and hcr,min of some
high-permeability materials.
3.1.3 Limitations
The results of Sec. 3.1.1 show that the magnetic field-induced SK growth is always
possible so long as the condition given in Eq. (3.3) is fulfilled. However, physical
systems are limited by two factors.
The first limitation is imposed on the system by the maximum saturization of the
film. The magnetic field in the film cannot exceed some saturization value Hsat. This
implies that, in order to induce SK mode by the magnetic field, the characteristic
length L of the film must be higher than a critical value L1. This term can be









The lower limit L1 is shown by the the vertical dashed line in Fig. 3.5. If L is lower
than this value, the magnetic field effect will not be strong enough to suppress the
surface undulation due to the strain energy relaxation even when the field inside the
film has been saturated. Therefore, the growth of the film in this range of L follows
the VW mode.
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Figure 3.4 The effect of L on the of critical thickness for dislocation formation h∗cr
and the minimum critical thickness for the SK mode hcr,min. The system parameters
are as follows: µˆf = 200, E = 200 GPa, ν = 0.3 and b = 0.3 nm.
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Figure 3.5 The variation of L2 with µˆf for the system studied in Fig. 3.4.
The second constraint is that the SK mode must occur prior to the formation of
misfit dislocations in the film. Misfit dislocations can form when the film thickness is
higher than a critical value h∗cr determined by (Freund and Suresh, 2003)
G(hf ) = bMf
[
E0hf − b






where G(hf ) is the configurational force on the threading dislocation, b is the Burgers
vector of the edge dislocation and Mf = E/(1− ν) is the biaxial modulus of the film.
The critical value h∗cr is the upper limit of the minimum critical thickness of the SK
mode hcr,min. When hcr,min < h
∗
cr, the SK mode can happen before the dislocations
can form. On the contrary, when hcr,min > h
∗
cr, the dislocation can develop in the film
before the SK transition. In this case, the formation of misfit dislocations relieves the
strain, and thus the driving force for island formation, before the SK transition can
occur.
The variation of hcr,min(L) and h
∗
cr(L) with the characteristic length L is depicted
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in Fig. 3.4. The figure shows that h∗cr is higher than hcr,min at small values of L, and
vice versa. The transition between these two cases occur at the point of intersection
of the two curves when L = L2. When the characteristic length is below L2, the
critical thickness h∗cr is greater than hcr,min; hence, there exists a range of thickness at
which the SK transition can occur. On the other hand, if L > L2, then h
∗
cr < hcr,min,
and the SK mode is suppressed by dislocations. The length L2 is therefore the upper
limit of L for the SK mode.
This upper limit can be controlled by changing the relative permeability µˆf of the
system1. The variation of L2 with µˆf is plotted in Fig. 3.5. The result shows that
L2 increases monotonically with µˆf . This implies that the range of L at which the
SK mode can be activated is broadened by increasing the relative permeability of the
film.
The two limitations outlined above serve as guidelines for selecting materials suit-
able for the magnetic field-activated SK mode; namely, materials with high saturation
fields and large permeability.
3.2 Regime III and Other regimes
Another stabilizing regime in systems under the influence of lateral magnetic fields is
regime III. This regime corresponds to diamagnetic and superconducting materials.
Figure 3.6(a) depicts the growth mode of films under this regime as a function of
magnetic field strength. The figure shows that the growth mode is independent of
film thickness, but depends on the magnetic field strength. It also reveals that the
film transitions from the VW mode to the FvdM mode at the critical magnetic field
1This can be achieved by material selection or changing the growth conditions of the system (i.e.
temperature).
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Figure 3.6 (a) A phase diagram of the growth mode of regime III films as a function
of Hx0 and hf . (b) The variation of ∆etotL
2/γ0A
2 when Hx0 < Hx0,cr, indicating
the VW mode. (c) The variation of ∆etotL
2/γ0A
2 when Hx0 = Hx0,cr, indicating the
onset of the FvdM mode. (d) The variation of ∆etotL
2/γ0A
2 when Hx0 > Hx0,cr. The
relative permeability µˆf = 0.5 for all the plots.
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Hx0,cr, given by Eq. (3.4).
The growth mode transition is further confirmed by plotting the variation of the
normalized total energy curves below, at and above Hx0,cr is plotted at Fig. 3.6(b)–
3.6(d), respectively. Below the critical field, the initial slope of the total energy
is negative at k = 0 for any thickness; in other words, the film is always stable
against undulation of large wavelength. When Hx0 = Hx0,cr, the magnetostatic energy
becomes strong enough to overcome the strain energy relaxation at small k, and the
total energy curve becomes positive at all values of k at any film thickness. This
characteristic of ∆etot(k) for the critical scenario where Hx0 = Hx0,cr can also be
found in the case of Hx0 > Hx0,cr, except that the slope at k = 0 is zero in the former
and positive in the latter, see Figs. 3.6(c) and 3.6(d).
The growth mode transition from the VW to FvdM modes in regime III is in
contrast to the result in regime I where the transition is from the VW to SK modes.
The development of the FvdM in stead of SK mode in regime III can be understood by
plotting the ratio |∆em/∆w| against the normalized wavenumber kL at various film
thickness, as shown in Fig. 3.7. The results indicate that, contrary to the behavior of
films in regime I, the magnetostatic energy increases with respect to the strain energy
as kL increases. The figure also reveals that the rate of increase of ∆em is high when
the film is thick, and vice versa.
The transition from the VW mode to the FvdM mode can therefore be understood
as follows. Below the critical field, the magnetostatic energy is weak compared to the
strain energy at low k. In this case, the film is always unstable against undulation of
large wavelength. When Hx0 ≥ Hx0,cr, the magnetostatic energy is equal to or greater
than the strain energy at k = 0. Since the ratio |∆em/∆w| increases monotonically
with k for all film thickness, once the condition given by Eq. (3.3) is fulfilled, ∆em will
always be higher than ∆w for all values of k. Thus, regime III materials transitions
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Figure 3.7 The variation of the ratio |∆em/∆w| with kL at different film thickness.
For all curves in the plot, L = 10 µm, µˆf = 0.5 and Hx0 = 2 T.
from the VW mode to the FvdM mode at the critical field and cannot induce the SK
mode in magnetic films.
The other two regimes, namely regimes II and IV, are destabilizing regimes. Since
wm0,x in these cases are negative, the condition given in Eq. (3.3) will never be satis-
fied. Consequently, these systems always undergo VW growth.
The trends discussed thus far are for systems under the influence of lateral mag-
netic fields. The results of the systems under perpendicular fields are similar to those
of systems under lateral fields. In particular, the behavior of regimes II, IV, I and
III of films under perpendicular fields correspond to regimes I, II, III and IV of films
under lateral fields, respectively. The details of the cases of perpendicular field are
omitted for conciseness.
Chapter 4
Magnetostatic Energy Change of
Faceted Films
In the Chap. 2, the effect of external magnetic fields on films containing a wavy
islands was studied. However, experimental evidence suggests that the islands on
the film can develop into faceted instead of a smooth profile in many cases (Tromp
and Ross, 2000; Tersoff et al., 2002). This provides the motivation to consider the
magnetostatic problem of faceted islands in this chapter. For simplicity, the discussion
in this chapter would be limited to regime I systems under the influence of lateral
fields1
This chapter is organized as follows. Section 4.1 describes the strained magnetic
film-substrate system considered in this chapter. In Sec. 4.2, the basic formulas used
in the subsequent sections are presented. Section 4.3 introduces an auxiliary solution
that would later be used in the perturbation solution. In Sec. 4.4, the first-order
boundary perturbation method is used to solve the magnetostatics problem. The
1Results from Chap. 3 show that the SK mode can be activated in systems under regime I and
II using lateral and perpendicular magnetic fields, respectively. Between these to systems, regime I
is the more viable system for growth and annealing conditions.
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Figure 4.1 Schematic diagram of a strained magnetic film with faceted islands on a
thick substrate subject to a lateral magnetic field.
result of this section is used in Sec. 4.5 to calculate the magnetostatic energy change
of systems containing faceted islands. In Sec. 4.6, the other types of energy in the
system, as well as the interaction energy, are introduced.
4.1 The Model
Figure 4.1 illustrates the system being considered in this chapter, which is similar to
the strained magnetic film-substrate structure examined in Chap. 2 except that the
film in the current case contains a faceted island instead of a wavy profile. The island
is characterized by N facets. Consequently, there are N + 1 vertices in the system.
The x componentis of these vertices are denoted as B = {b1, b2, . . . , bN+1}. The angle
between the jth facet and the x axis is denoted as φj. As a convention, the largest
angle φmax is used to define the characteristic slope of the system, i.e. S = tanφmax.
The relative slope of each facet is therefore given by mj = tanφj/S. The elastic
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and magnetic properties of the film and substrate are identical to those outlined in
Chap. 2.
4.2 The Magnetostatics Problem
The magnetostatics problem defined in Chap. 2 is general and still holds for the case
where the islands on the film surface are faceted. Similarly, the expressions for the
surface chemical potential due to magnetic fields χm given in Chap. 2 is still applicable
for this chapter. Although the expressions for χm and the boundary conditions on
the two interfaces has been presented earlier in Chap. 2, the formulae are reiterated
in this section for clarity.
The variation of the magnetotstatic energy when one unit of film material is added






where χm is the surface chemical potential due to the magnetic field on the film
surface Γ2,
χm = Ω [em,v − em,f −Bn (Hn,v −Hn,f )] , (4.2)
where em,v = µ0|Hv|2/2 is the magnetostatic energy density of vacuum, em,f =
µf |Hf |2/2 − µ0/µˆf |M0|2/2 is the magnetostatic energy density of the film and Bn,
Hn,v and Hn,f are the the normal components of the magnetic induction, the magnetic
field in vacuum and the magnetic field in the film respectively.
The boundary conditions on the interface Γ1 are given by
(µfHfΓ − µ0HsΓ) · ez = 0, (4.3)
(HfΓ −HsΓ)× ez = 0, (4.4)
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where HfΓ and HsΓ are the magnetic field induced by the presence of islands on the
film and substrate, respectively.
In comparison, the boundary conditions on the film surface Γ2 are given by
(µfHfΓ − µ)HvΓ) · n = (Bv0 −Bf0) · n, (4.5)
(HfΓ −HvΓ)× n = 0, (4.6)
where HvΓ is the magnetic field induced by presence of islands on the vacuum and
n is the normal vector of Γ2. The terms Bv0 and Bf0 are the magnetic induction in















This section presents an auxiliary solution that would later be used in the perturbation
analysis. The auxiliary solution corresponds to the problem in which a line source of
magnetic field along the interface Γ1 is set up such that the boundary conditions on
Γ2 remain homogeneous, i.e.
= [µˆfψ′fΓ(ζ)− ψ′sΓ(ζ)] = 0, (4.9)
< [ψ′fΓ(ζ)− ψ′sΓ(ζ)] = 0, (4.10)
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while those on Γ1 include an inhomogeneous term that is sinusoidal in nature,
= [µˆfψ′fΓ(ζ)− ψ′vΓ(ζ)] = α cos kx+ β sin kx, (4.11)
< [ψ′fΓ(ζ)− ψ′sΓ(ζ)] = 0. (4.12)
The solution procedure to solve the magnetostatics problem described in Eqs. (4.9)–
(4.12) is similar to that for the problem discussed in Sec. 2.3. The starting point is
to express the complex-valued potentials by the following general form,
ψvΓ(ζ) = c exp(ikζ), (4.13)
ψfΓ(ζ) = a exp(ikζ) + b exp(ikζ), (4.14)
ψsΓ(ζ) = d exp(ikζ), (4.15)
where a, b, c and d are complex-numbered coefficients. Taking the derivatives of
Eqs. (4.13)–(4.15), substituting the results into the boundary conditions expressed in
Eqs. (4.9)–(4.12), calculating the coefficients of the sin kx and cos(kx) terms in each
of the boundary conditions, then requiring the coefficients to be zero yields eight
independent equations that define the complex-numbered constants a, b, c and d.
From the boundary conditions on the interface Γ1 defined by Eqs. (4.9)–(4.10), the
following four equations were obtained,
µˆf (az + bz)− cz = 0, (4.16)
µˆf (ax − bx) + cx = 0, (4.17)
ax + bx− cx = 0, (4.18)
−az + bz + cz = 0. (4.19)
Similarly, carrying out the same procedure for the boundary conditions on Γ1
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+ η−2dx = 0, (4.21)
η2ax − η−2bx − η−2dx = 0, (4.22)
−η2az + η−2bz − η−2dz = 0 (4.23)
where η = exp(khf ).
Solving Eqs. (4.16)–(4.23) simultaneously determines a, b, c and d to be,
a =












−β [(µˆf + 1)η + (µˆf − 1)]
R
+ i
α [(µˆf + 1)ηj − (µˆf − 1)]
R
, (4.27)
where R = (µˆf + 1)
2η2 − (µˆf − 1)2.
4.4 First-Order Boundary Perturbation Solution
4.4.1 A general expression for the perturbation solution
Similar to Chapter 2, the first step in the perturbation analysis is to express the
magnetic fields ψ′(ζ) and the normal vector n by Taylor’s series expansion. The
normal vector n along the film surface Γ2 can be described in the following form,
n = n0 + Sn1 +O(S
2), (4.28)
where n0 = i and n1 = −mj. Similarly, the magnetic fields in the system can be
expressed as
ψ′(ζ) = ψ′0 + SΨ
′(ζ) +O(S2). (4.29)
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The boundary conditions on the interface Γ1 can be obtained by substituting
Eq. (4.29) into Eqs. (4.3)–(4.4) and ignoring the higher order terms,
= [µˆfΨ′f −Ψ′s(ζ)] = 0, (4.30)
< [Ψ′f (ζ)−Ψ′s(ζ)] = 0. (4.31)
Similarly, substituting Eqs. (4.28)–(4.29) into Eqs. (4.5)–(4.6) yields the boundary
conditions governing the magnetic fields on the surface Γ2,
= [µˆfΨ′f (ζ)−Ψ′v(ζ)] = mjFy, (4.32)
< [Ψ′f (ζ)−Ψ′v(ζ)] = 0 (4.33)
where Fy = (µˆf − 1+)Hx + µˆfMx. Equations (4.32)–(4.33) represent the magne-
tostatic problem for determining the first order perturbation solution for potentials
Ψ′v(ζ),Ψ
′
f (ζ) and Ψ
′
s(ζ).
4.4.2 Solution for infinitely thick films
The focus of this section is on the special case where the film is infinitely thick. In
such a case, the boundary conditions on Γ1 can be ignored, and those on Γ2 are
expressed as,
= [µˆfΨ′f,I(ζ)−Ψ′v,I(ζ)] = mjFy, (4.34)
< [Ψ′f,I(ζ)−Ψ′v,I(ζ)] = 0, (4.35)
where the subscript I is used to emphasize that the solution is for the special case of
an infinitely thick film.
The functions for the film and the substrate which satisfies the two boundary
conditions have the same form. This function is found to take the form,









4.4 First-Order Boundary Perturbation Solution 52
where κ can be f for the film or v for the vacuum, andDκ is a complex-valued constant.
The imaginary component of Eq. (4.36) is zero everywhere except within the facets,
where it takes the value of imjpiDκ if the function is defined above the interface (i.e.,
in the vacuum) or −imjpiDκ if the function is defined below the interface (i.e., in the
film).
Substituting Eq. (4.36) into the boundary conditions of the film surface given
by Eqs. (4.34)- (4.35) gives the coefficients Dv and Df for the vacuum and film
respectively,
Dv = Df = Fy
pi (µˆf + 1)
, (4.37)
4.4.3 The Fourier Series Solution for Ψ′(ζ)
In contrast to the case of thick films, which allows an analytical expression for the
perturbation solution, the case of a film with finite thickness has to be solved numer-
ically. The numerical approach for the first-order perturbation solution is discussed
in this section.
To take into account the thickness effect, a correction field Ψ′II(ζ) is introduced in




















s,II(ζ), are the additional potentials due to the finite
thickness effect. For convenience, the thick film potential Ψ′s,I(ζ) is taken to be
identical to Ψ′f,I(ζ).
Substituting Eqs. (4.38)–(4.40) into the boundary conditions on the interface Γ1
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given by Eqs. (4.30)–(4.31) yields
= [µˆfΨ′f,II(ζ)−Ψ′s,II(ζ)] = (1− µˆf )ψ′f1,I(ζ), (4.41)
< [Ψ′f,II(ζ)−Ψ′s,II(ζ)] = 0. (4.42)
Similarly, substituting Eqs. (4.38)–(4.40) into Eqs. (4.32)–(4.33) yields the bound-
ary conditions on the film surface,
= [µˆfΨ′f,II(ζ)−Ψ′v,II(ζ)] = 0, (4.43)
< [Ψ′f,II(ζ)−Ψ′v,II(ζ)] = 0. (4.44)
Equations (4.41)–(4.44) define the boundary conditons that determine the values




s,II(ζ). The right hand side of Eq. (4.41)
can be expanded into a Fourier series,
(1− µˆf ) Ψ′f,I(x− ihf ) =
∞∑
p=0
αp cos(kpx) + βp sin(pkpx), (4.45)
where kp = p2pi/λ and λ is the domain being considered. By adopting the Fourier
series, the boundary conditions given in Eqs. (4.41)–(4.44) are identical to those of
the auxiliary solutions presented in Sec. 4.3. Therefore, the three potentials Ψ′v,II(ζ),
Ψ′f,II(ζ) and Ψ
′



















be summarized as follows. The function (1− µˆf ) Ψ′f,I is evaluated along the line
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ζ = x + ihf over a sufficiently large domain. The Fast Fourier Transform is then
used to obtain the Fourier coefficients αp and βp. These coefficients are then used to




s,II,p. The Inverse Fast Fourier





the line ζ = x+ ihf .
4.4.4 The quantities along the faceted surface
The perturbation solution allows for the calculation of the surface chemical potential
χm given in Eq. (4.2). The magentostatic energies of the film and vacuum as well













































Bn =− µ0=[ψ′v0] + µ0mjS<[ψ′v0]− µf=[Ψ′f,I + Ψ′f,II], (4.51)
Hn =−=[ψ′0]− S (=[Ψ′I + Ψ′II]) +mjS (<[Ψ′I + Ψ′II]) . (4.52)
Similar to the procedure mentioned in Sec. 2.3, the computer program Mathemat-
ica is used to perform the lengthy calculation to determine χm. The result is lengthy
and is omitted here for conciseness.
4.5 The Magnetostatic Energy Change
The magnetostatic energy change δEm can be determined by substituting the surface
chemical potential due to magnetic fields χm derived in the previous section into
Eq. (4.1). It is convenient to separate χm into three parts,
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where
wm0 =
µ0 (µˆf + 1)Hx [(µˆf − 1)Hx + µˆfMx]
µˆf + 1
, (4.54)

















and χm,II(x) are the terms in χm containing Ψm,II.
Substituting Eq. (4.53) into Eq. (4.1) gives the variation of the magnetostatic en-
ergy δEm with that of the surface profile δf(x). Carrying out the variation procedure
yields the magnetostatic energy change ∆Em,
∆Em = wm0SV Um,I + wm0SV Um,II (4.58)













The quantity Um,I represents the effect of the island shape on ∆Em and is constant for
self-similar islands of different sizes. This quantity cam be calculated analytically for
certain island geometries. In contrast, the quantity Um,II(x) represents the thickness
effect of associated with the island formation and must be calculated numerically.
4.6 Other Energies in Films Containing Faceted
Islands
In addition to the magnetostatic energy, the other types of energy that may be present
in the system are the strain, interaction and surface energy. The interaction energy,
4.6 Other Energies in Films Containing Faceted Islands 56
in particular, is the key energy for generating stable islands in a typical SK system
(Shchukin et al., 1995; Daruka and Barabasi, 1997; Chiu and Poh, 2005), while it
becomes clear later that, even in the absence of the interaction energy, stable islands
can also be induced by the magnetostatic energy.
4.6.1 Strain energy
The first order solution to the change in the strain energy due to the formation of a
faceted island is well-documented in the literature (Daruka and Barabasi, 1997; Chiu
et al., 2006a). Accurate to the first order of S, the strain energy density w of an
islanded film surface is given by
w(x) = w3d0 − 2w0SΨˆ0(x), (4.61)
where w0 = E(1 + ν)E20/2(1− ν), w3d0 = 2w0/(1 + ν), and the function Ψˆ0(x) reflects
the variation of w(x) on the film due to the formation of the island,











The result of w(x) is then employed in the following formula to describe the




Evaluating the integral in Eq. (4.63) and carrying out the same solution procedure in
Sec. 4.5 gives the strain energy change ∆W ,
∆W = −w0SV U0, (4.64)
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4.6.2 Interaction energy
The film-substrate interaction energy is responsible for the development of an initial
wetting layer and the subsequent SK transition during the growth of a typical SK
system (Tersoff, 1991; Suo and Zhang, 1998; Chiu, 1999). This interaction can be
modeled as a special type of film surface energy of which the density g varies with
the distance z between the film-substrate interface Γ1 and the film surface Γ2. The
functional form of g depends on the mechanism of the interaction (i.e., quantum
confinement, van der Waals) (Suo and Zhang, 1998). For simplicity, the type of
interaction that is considered in this thesis is the one due to quantum confinement.





where l is the characteristic length of the film-substrate interaction (Suo and Zhang,
1998).
The change in the interaction energy when an island forms on the film surface is






where dΓ∗ denotes the area integral over the film surface after the island forms and
dΓ denotes that before the island forms. The are integral in Eq. (4.67) can be further
split into two parts; namely, the area under the island and the area under the wetting
layer. The former is given by dΓ∗ = (Sm)−1dx. Substituting this expression into










[G(zj + 1)− G(zj)] , (4.68)
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where zj is the z component of the j
th vertex of the island and G(z) is defined as
G(z) =
∫
g(z)dz = g0l ln (z + hf + l) (4.69)
for the case where the quantum confinement is the mechanism of the film-substrate
interaction.
Turn to the area integral over the wetting layer surface. The result of the case
before the island forms can be written as g(hf )A, where A is the surface area of the
wetting layer. After the island formation, the area A is reduced to A− b, where b =
bN+1−bN is the width of the island base, and the wetting layer thickness hf decreases
by ∆hf = V/A due to mass conservation. By taking into account the changes in A
and Hf , the area integral after island formation becomes g(hf − ∆hf )(A − b). The
difference of the two area integrals gives the contribution of the interaction energy
change due to the wetting layer ∆Ei,w,
∆Ei,w = g (hf −∆hf ) (A− b)− g (hf )A,
= g′ (hf )V − g (hf ) b. (4.70)
Adding Eqs. (4.68) and (4.70) determines the total change of interaction energy due








− g (hf ) (bN+1 − b1)− g′ (hf )V. (4.71)
4.6.3 Surface energy and total energy of the system





γ0Gj (bj+1 − bj) , (4.72)
where Gj = −1 + γj/ (γ0 cosφj), γj is the surface energy density of the jth facet, and
γ0 is that of the flat film. Summing the magnetostatic, strain, interaction and surface
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energy yields the total energy change,
∆Etot = ∆W + ∆Em + ∆Ei + ∆Es. (4.73)
For typical SK systems, the term ∆Em can be neglected. In contrast, for strained
magnetic films that is considered in this thesis, the interaction energy is taken to be
absent in the system; thus, ∆Ei = 0.
Chapter 5
Stability of Faceted Islands
The results of Chap. 3 show that a lateral magnetic field can be used to stabilize
magnetic films and activate the SK mode. However, for the case of wavy surfaces,
the islands formed are always unstable against amplitude increment. This is contrary
to the case of faceted islands. This chapter demonstrates that lateral magnetic fields
can be used to induce islands on magnetic films that are stable against size variation.
The stability of faceted islands activated by the magnetic field is a unique feature
that is not found in typical SK systems. To provide a point of comparison, the island
stability for typical SK systems are derived in Sec. 5.1. The results are then compared
with the stability of faceted islands under the influence of a lateral magnetic field. A
parametric study of the effects of the magnetic field strength and materials properties
on the equilibrium size of the islands.
5.1 Island stability of typical SK systems
Experimental conditions that promote stable island growth in SK systems has long
been sought after by researches. However, experimental results suggests that typical
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Figure 5.1 A schematic diagram of a strained magnetic film with a triangular island
on a thick substrate subject to a lateral magnetic field.
SK islands are unstable against coarsening. Theoretical studies of stability support
these observations.
Tersoff and Tromp (1993), for example, showed that faceted islands in systems
without interaction energy are always unstable with respect to island coarsening. A
similar conclusion was made by Kukta and Freund (1997) in systems with smooth
morphologies. Chiu (2004), however, focused on the equilibrium spacing of island
arrays in SK systems. Despite of the progress made in this topic, the equally impor-
tant issue of stability of a single island on the SK system against size variation has
not been fully understood. This issue is thus investigated in this section. The results
are adopted as the base case for comparison with the island size stability induced by
lateral magnetic fields.
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5.1.1 The model system
The model system for determining the island size stability is plotted in Fig. 5.1, which
shows a triangular island on a wetting layer. The island is characterized by the slope
S and the base width 2a. The thickness of the wetting layer is hf . For convenience,
the center of the island base is taken to be (0, hf ).
For the triangular island being considered in the model, the solution to the total
energy of the system discussed in Sec. 4.6 can be solved analytically. In particular,
the function function Ψˆ0(x) for evaluating the strain energy change can be written
down directly by referring to Eqs. (4.62),









Substituting Eq. (5.1) into the definition of U0, given in Eq. (4.65) leads to the
expression U0 = 8 ln 2/pi. This simplifies the total energy of the system given in
Eq. (4.73) to,
∆Etot = −U0Sw0V + 2g0l
sinφ
ln









where the parameters w0, V , g0, l, φ, γ0 and G are the same parameters defined in
Sec. 4.6.
5.1.2 Parameters and normalization
Before proceeding with the analysis of island size stability by considering the total
energy change given in Eq. (5.1), it is helpful to discuss two crucial parameters of
the system, namely the normalized film thickness hˆf and the normalized stability
number Σˆ. These two parameters can be used to rewrite the lengthy formula given by
Eq. (5.1) into a more concise expression. The result shows that the three parameters
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characterize the dependence of ∆Etot on the effects of the geometry and properties
of the systems.























A positive value of Σˆ means that the SK system can develop into an island array
that is stable against coarsenng, while a negative value indicates the opposite (Chiu,
2004). Since G is always positive for SK systems, the parameter Σˆ ranges between
-1 to infinity. The derivation of these parameters are discussed extensively by Chiu
(2004), and readers are referred to his paper and the references therein for a more
detailed discussion.
By evoking the definitions of hˆf and Σˆ, the total energy change ∆Etot given in
Eq. (5.1) can be rewritten in the following concise expression,
∆Eˆtot = log (1 + aˆ) + cˆ1aˆ+ cˆ2aˆ
2, (5.7)
where ∆Eˆtot = S∆Etot/(2g0l), the normalized island size aˆ = Sa/(hf + l)S and the
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Figure 5.2 The variation of ∆Eˆtot with aˆ when (a) hˆf = 2 and (b) hˆf = 0.7 at
various values of Σˆ.
two coefficients cˆ1 and cˆ2 are given by,
cˆ1 =










The two coefficients in Eq. (5.7) depend only on hˆf and Σˆ. This demonstrates that the
variation of ∆Eˆtot with the island size is fully controlled by the normalized thickness
and stability number.
Two observations can be made from Equation (5.2) with respect to the function
∆Eˆtot(aˆ). First, the equation reveals that, irrespective of the value of Σˆ, the normal-
ized total energy ∆Eˆtot is negative for sufficiently large aˆ when cˆ2 < 0, or equivalently,
hˆf > 1. This confirms definition of hˆf discussed earlier in this section.
To further study this behavior, the variation of ∆Eˆtot with aˆ for the case where
hˆf > 1 at various values of Σˆ is plotted in Figs. 5.2(a). The result indicates that ∆Eˆtot
first reaches a maximum and then declines monotonically. The lack of minimum in
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∆Eˆtot suggests that all single islands are unstable against size variation when hˆf > 1;
this characteristic of ∆Eˆtot is independent of Σˆ. Contrary to the thickness range
hˆf > 1, the range hˆf < 1 can lead to three different scenarios, as shown in Fig. 5.2(b),
namely (1) no local extrema, (2) a positive local maximum and minimum, and (3) a
positive maximum and a negative minimum.
The second observation is that, regardless of the value of the Σˆ and hˆf , the slope
of the curve ∆Eˆtot is positive at aˆ = 0. This observation can readily be verified by






+ cˆ1 + 2cˆ2aˆ. (5.10)
Evaluating Eq. (5.10) at aˆ = 0 yields hˆf/(1 + Σˆ), which is always positive.
5.1.3 Stability conditions against size variation in typical SK
systems
The three scenarios depicted in Fig. 5.2(b) suggest that the triangular island exhibits
an equilibrium size if the two conditions below are satisfied.
• Condition I: There is one maximum and one minimum in the curve ∆Eˆtot 1.
• Condition II: The minimum of ∆Eˆtot is negative.
Condition I ensures that the islands would be stable against size variation, and
condition II guarantees that the islands are thermodynamically viable. These two
1This condition can be shown to hold rigorously invoking the second observation that the slope
of ∆Eˆtot is always positive at k = 0 and noticing from Eq. (5.10) that there can be, at most, two
stationary points in the total energy curve. This implies that both stationary points must exist
in the admissible range of aˆ (i.e. aˆ > 0) for a local minimum to exist in the curve and that the
stationary points must be one maximum and one minimum exactly.
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conditions are further investigated in this section to illuminate the regime in the
space (Σˆ, hˆf ) that exhibits the equilibrium island size.
The investigation of the condition I starts with determining the stationary points
of ∆Eˆtot. This can be done by equating Eq. (5.10) to zero. This procedure leads to
two solutions,
aˆ1 =











where the terms 2cˆ2 + cˆ1 and Q can be expressed as functions of Σˆ and hˆf ,











Q = (2cˆ2 + cˆ1)
















If the two solutions aˆ1 and aˆ2 are in the admissible range of aˆ (i.e. they are both
positive), then condition I is satisfied. In such cases, aˆ1 corresponds to the maximum
point and aˆ2 to the minimum point of the curve ∆Eˆtot.
The requirement of positive aˆ1 and aˆ2 is satisfied in the regime where the following
three domains intersect,
Q > 0, (5.15)
2cˆ2 + cˆ1 < 0, (5.16)
cˆ2 > 0. (5.17)
The first domain describes by Eq. (5.15) ensures that aˆ1 and aˆ2 are real numbers, and
the remaining two domains enforce the aˆ1 and aˆ2 to be positive. The three domains
are plotted in Fig. 5.3(a). The result shows that ∆Eˆtot lacks a minimum if the SK
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system is characterized by Σˆ < 0. On the other hand, if Σˆ > 0, ∆Eˆtot exhibits a
minimum at thickness hf ∈ [hˆQ(Σˆ), 1], where hˆ(Σˆ) is the solution to the equation
Q(Σˆ, hˆf ) = 0. Therefore, the thickness range [hˆQ(Σˆ), 1] gives the overlapping regime
that satisfies condition I. The lower limit hˆQ of the thickness range is equal to 1 at
Σˆ = 0 and decreases gradually as Σˆ increases.
The regime that satisfies condition II is evaluated by calculating the minimum
of the curve ∆Eˆtot at the thickness range [hˆQ(Σˆ), 1]. The calculations suggest that
the minimum is negative at the upper limit of the range 2, increases gradually as hˆf
decreases, and becomes positive after critical thickness hˆE(Σˆ). Thus, the thickness
regime [hˆE(Σˆ), 1] define the SK systems that meet conditions I and II for the existence
of equilibrium island size.
The results of Fig. 5.3(a) can be used to construct a phase diagram of island
stability against size variation in typical SK systems, as shown in Fig. 5.3(b). The
phase diagram is divided into three regimes; namely, the unstable island regime, the
stable island regime and the flat film regime.
The figure suggests that the SK system can be divide into to classes, namely,
systems with Σˆ < 1 and those with Σˆ > 1 To illustrate the difference between the
behavior of these two classes, the normalized total energy curves of systems with
Σˆ = 0.9 and Σˆ = 1.2 at various film thickness are plotted in Fig. 5.4. For the former
case, the film is stabilized at small film thickness, see Fig. 5.4(a). At this thickness,
the interaction energy dominates and the curve ∆Eˆtot is always positive for any value
of aˆ. When the film is grown just below hˆf = 1, the total energy remains positive for
all values of aˆ and the film remains flat, see Fig. 5.4(b). Finally, when the normalized
2The result that the minimum of ∆Eˆtot is always negative just below the line hˆf = 1 when
Σˆ > 0 can be rigorously shown by examining Eq. (5.10). As hˆf approaches 1, cˆ2 → 0. For Σˆ > 0,
cˆ1 = hˆf/(1 + Σˆ)− 1 is always negative and the inequality ln(1 + aˆ) < |cˆ1aˆ| always holds.
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Figure 5.3 (a) The three domains satisfying condition I, and (b) a phase diagram
as a function of Σˆ and hˆf showing the region where stable islands can form.
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film thickness exceeds one, the strain energy becomes strong enough to overcome the
stabilizing force of the surface and interaction energy when the island is large, and the
total energy curve becomes negative when aˆ is large, see Fig. 5.4(c). Islands formed
at this thickness are always unstable against size increment, as the total energy curve
decreases monotonically with aˆ.
The situation is different for SK systems with positive-valued stability numbers, as
shown in Figs. 5.4(d)–(f). When the film thickness is small, interaction still dominates
as in the previous case and the curve ∆Eˆtot is positive for all aˆ, see Fig. 5.4(d). How-
ever, as hˆf approaches one, a negative-valued minimum in the curve ∆Eˆtot appears
and islands within a finite range of aˆ becomes energetically favorable, see Fig. 5.4(e).
At this thickness, interaction energy is still strong enough to suppress the formation of
large islands but not strong enough to inhibit the growth of moderate-sized islands.
Small islands, as always, are unfavorable due to the surface energy of the system.
When the film thickness grows beyond hˆf = 1 , the interaction energy becomes too
weak to suppress the growth of large islands, and the curve ∆Eˆtot decreases mono-
tonically when the normalized islands sizeaˆ becomes large, as shown in Fig. 5.4(f).
5.1.4 Challenges for stable island formation in the SK system
The results of the previous section show that islands which are stable against is-
land size variation can be formed in SK systems with a positive stability number.
Unfortunately, all SK systems observed in experiments the opposite trend that is-
lands undergo coarsening after they form (Ross et al., 1998; Floro et al., 1998). This
suggests that the SK systems employed in the literature are characterized by Σˆ < 0.
Although these SK systems can be theoretically engineered to have a stability
number greater than zero (Chiu, 2004), this approach possesses several problems.
First, Σˆ depends on material properties such as g0 and G, which are hard to control.
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Figure 5.4 The variation of ∆Eˆtot with aˆ at different values of Σˆ and hˆf . In
particular, Σˆ = 0.9 in (a)–(c), Σˆ = 1.2 in (d)–(f), hˆf = 0.5 in (a) and (d), hˆf = 0.9
in (b) and (e), and hˆf = 1.2 in (c) and (f).
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The physical mechanism for the interaction energy, in particular, are also not well-
understood in many systems. Finally, stable islands can only exist within a narrow
range of thickness, and fine control of the growth process is required in order to
produce these islands. This may cause complications in the fabrication process and
may be an undesirable constraint for certain devices that require a thicker wetting
layer.
5.2 Stability of Faceted Islands in Magnetic Films
5.2.1 Stable islands in strained magnetic films
In the previous section, the interaction energy is used to cause islands to be stable
against size variation on the SK system. Unfortunately, the film-substrate interac-
tion cannot be easily engineered, as previously commented. An alternative approach
is to use a lateral magnetic field to stabilize a strained magnetic film without film-
substrate interaction. The results from Chap. 3 show that the magnetostatic energy
resulting from lateral fields can be used to replace conventional film-substrate inter-
action energy and induce the SK mode in regime I systems. This suggests that the
magnetostatic energy has a similar effect as the interaction energy, and may be used
to stabilize faceted islands against size variation.
The island size stability in strained magnetic films under the influence of lateral
magnetic field is studied by considering a model system with the same geometry as
shown in Fig. 5.1. The system lacks interaction energy, but is subjected to a lateral
magnetic field of magnitude Hx0. For simplicity, the magnetic film is assumed to
be a linear magnetic material characterized by Bf = µ0µˆfHf . The inclusion of a
permanent magnetization in the system is straightforward and will not change the
general trends presented in this section.
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Figure 5.5 The total energy curves of strained magnetic films containing faceted
islands at various film thickness when Hx0 = 15 mT, µˆf = 100, L = 10 µm, γ0 = 2.5
J/m2, S = 0.2 and γ/γ0 = 0.99.
Similar to the case of the strain energy in Sec. 5.1, the function Ψˆm,I(x) for eval-
uating the magnetostatic energy change can be written down directly by referring to
Eq. (4.56),









Substituting Eq. (5.18) into the definition of Um,I given in Eq. (4.59) leads to the
expression Um,I = 4 ln 2/pi. This simplifies the total energy of the system given in
Eq. (4.73) to,
∆Etot = −U0Sw0 + 2γ0Ga+ Um,ISV wm0 + Um,IISV wm0, (5.19)
where Um,II, wm0 and are the same parameters defined in Sec. 4.5. The quantity Um,II
is calculated numerically, as outline in Sec. 4.5.
The variation of ∆Etot with the normalized island size aˆ is plotted in Fig. 5.5 for
three typical cases with the same material parameters but different film thickness:
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L = 10 µm, γ0 = 2.5 J/m
2, µ0Hx0 = 15 mT, µˆf = 100, S = 0.2, γ/γ0 = 0.99
and hf = 23, 25 and 27 nm. Figure 5.5 shows that for film thickness below the
critical thickness hcr, the stabilizing energy of the system (i.e, the magnetostatic and
surface energy) dominates over the strain relaxation for all island size, and the total
energy curve is always positive. Once the film exceeds hcr, the curve ∆Etot becomes
negative within a limited range of aˆ. In this case, the surface and magnetostatic
energy dominate at small and large island sizes respectively, while the strain energy
dominates at intermediate island sizes, resulting in the existence of an equilibrium
island size aeq.
Figure 5.5 demonstrates that lateral magnetic fields can stabilize faceted islands
against size variation. Unlike stable islands in conventional SK systems presented in
the previous section, islands induced by the magnetic fields are stable for all thickness
where islands can form. This is further examined in Sec. 5.2.2. The unique feature
is due to the difference between interaction energy and magnetostatic energy. Inter-
action energy can be ignored when the film thickness is much larger than hcr. In
contrast, magnetostatic energy does not vanish when the film thickness is large but,
rather, approaches to a smaller. As a consequence, magnetic fields can still stabilize
faceted islands against size variation even if the film is thick.
5.2.2 Parametric study
A parametric study is conducted in this section to study how the equilibrium island
size aeq, and the critical film thickness for the SK transition hcr, are affected by three
parameters, namely, the external magnetic field strength Hx0, the relative permeabil-
ity of the film µˆf , and the characteristic slope S of the island. In the subsequent plots,
the system parameters are as follows: L = 10 µm, γ0 = 2.5 J/m
2 and γ/γ0 = 0.99.
The dashed line in the figures refers to the critical thickness hcr∗ at which misfit
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dislocations can form.
The dependence of aeq on the magnetic field strength Hx0 and the normalized film
thickness hf/L is shown by plotting the contours of aeq/L as a function of the two
parameters, as shown in Fig. 5.6(a). The system parameters in the plot are as follows:
µˆf = 200 and S = 0.2. The figure shows that hcr increases as Hx0 increases. This
is due to the increase in the stabilizing magnetostatic energy as the field strength
is increased. The result also shows that, for a given value of Hx0, aeq decreases
monotonically with hf . Consequently, aeq is smallest along the line at which the SK
transition occurs (depicted in the figure as a bold line).
The variation of aeq/L along the SK transition, denoted as aeq,cr/L, is plotted
in Fig. 5.6(b). The figure shows that aeq,cr increases as Hx0 increases. This result,
along with the observation that aeq is smallest at the SK transition, suggest that the
equilibrium island size can be minimized by selecting the lowest possible Hx0 at which
the SK transition occurs.
Figure 5.7(a) plots the contours of aeq/L against hf/L and µˆf for the case where
Hx0 = 15 mT and S = 0.2. The result shows that hcr initially decreases with µˆf .
However, after a critical value µˆf,cr, the critical thickness for SK transition reverses its
trend and decreases as µˆf is increased. This behavior shows that the range of thickness
at which stable islands can form is maximized when the film has a permeability
µˆf = µˆf,cr(Hx0). The figure also shows that, similar to the case in Fig. 5.6(a), aeq is
smallest at the SK transition for a given value of µˆf .
The normalized equilibrium island size at the SK transition aeq,cr/L is plotted
as a function of µˆf in Fig. 5.7(b). The figures shows that aeq,cr decreases when
µˆf decreases. This suggests that films with small values of µˆf are suitable for the
formation of small islands. However, hcr increases as µˆf decreases when µˆf < µˆf,cr.
Eventually, hcr > h
∗
cr and the SK transition is suppress, as discussed in Chap. 3.
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Figure 5.6 (a) The contours of the normalized equilibrium island size aeq/L against
Hx0 and the hf for systems with µˆf = 100 and S = 0.2. The bold line indicates
the onset of the SK transition and the dashed line represents the onset of misfit
dislocation formation. (b) The change in the normalized equilibrium island size at
the SK transition aeq,cr/L as a function of Hx0.
5.2 Stability of Faceted Islands in Magnetic Films 76
This implies that there is a lower limit to which µˆf can be decreased to lower the
equilibrium island size.
The effects of the slope S on the equilibrium island size are investigated in
Fig. 5.8(a), which depicts the variation of aeq/L with hf and S for systems with
Hx0 = 15 mT and µˆf = 200. The figure shows that the hcr is a strong function of S.
The thickness at which stable islands can form is, therefore, increased by choosing a
system with small S. The result also shows that, as with the two previous cases, aeq
is smallest at the SK transition for any given value of S.
Figure 5.8(b) depicts the variation of aeq,cr/L with the slope S. The result shows
that aeq,cr increases as S increases. This indicates that the formation of small islands
can be promoted by choosing systems with small facet angles.
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Figure 5.7 (a) The contours of the normalized equilibrium island size aeq/L against
µˆf and the hf for systems with Hx0 = 8 mT and S = 0.2. The bold line indicates
the onset of the SK transition and the dashed line represents the onset of misfit
dislocation formation. (b) The change in the normalized equilibrium island size at
the SK transition aeq,cr/L as a function of µˆf .
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Figure 5.8 (a) The contours of the normalized equilibrium island size aeq/L against
S and the hf for systems with Hx0 = 8 mT and µˆf = 200. The bold line indicates
the onset of the SK transition and the dashed line represents the onset of misfit
dislocation formation. (b) The change in the normalized equilibrium island size at
the SK transition aeq,cr/L as a function of S.
Chapter 6
Conclusion
In this thesis, the effect of external magnetic fields on strained films is investigated.
The study was motivated by the difficulty in controlling the intrinsic system properties
that control the SK mode. In particular, the magnetostatic energy is proposed as a
substitute to the interaction energy, the chief driving force for the SK growth.
The case in which the film has a wavy morphology and that of films containing
faceted islands are both studied. The results show that, in both cases, external
magnetic fields can be use to induce the SK mode, even if the system lacks interaction
energy.
For the case of wavy film profiles, it is shown that systems under magnetic fields
can be classified into four regimes. These regimes behave differently when the mag-
netic field orientation is either lateral or perpendicular to the film surface. For the
case of lateral fields, systems under regime I is found to have the potential to acivate
the SK mode through magnetic fields. Similarly, systems under regime II can exhibit
the SK mode when the external field is perpendicular to the film surface.
In addition to the possibility of activating the SK mode, lateral magnetic fields
can stabilize faceted islands against size variation. The characteristics of these islands
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are compared to that of typical SK systems. It is found that magnetic field-stabilized
islands can exist at any thickness where faceted islands can form. This is in contrast
to the case of stable islands in typical SK systems, which undergo coarsening when the
film thickness is greater than a critical value. A parametric study is also conducted to
determine how the equilibrium island size and the critical thickness for the SK mode
is affected by three parameters, namely, the external magnetic field, the relative
permeability of the film and the slope of the island facets.
Although the study demonstrates the capability of external magnetic fields to
induce the SK growth and stabilize islands against size variation, there are many issues
that need to be addressed. The first issue concerns the shape transition of islands. In
this thesis, the size variation of self-similar islands are studied. However, in many SK
systems, the islands undergo a shape transition after they reach a critical size (Ross
et al., 1998; Floro et al., 1998; Daruka et al., 1999). In these shape transitions, other
material characteristics, such as magnetostriction and magnetic anisotropy, might
play an important role in the equilibrium shape of the islands. Another issue that
can be studied in the future is the behavior of faceted island arrays. Finally, the
investigation in this thesis is limited to the energetics of the systems considered. The
kinetics of strained magnetic systems can be studied through the simulation of the
morphological evolution of the films. These issues are beyond the scope of this thesis
and is left to future works.
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